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ON COMPOSITE FORMAL POWER SERIES

JACQUES CHAUMAT AND ANNE-MARIE CHOLLET

Abstract. Let F be a holomorphic map from Cn to Cn defined in a neigh-
borhood of 0 such that F (0) = 0. If the Jacobian determinant of F is not
identically zero, P. M. Eakin et G. A. Harris proved the following result: any
formal power series such that A◦F is analytic is itself analytic. If the Jacobian
determinant of F is identically zero, they proved that the previous conclusion
is no more true.

The authors get similar results in the case of formal power series satifying
growth conditions, of Gevrey type for instance. Moreover, the proofs here give,
in the analytic case, a control of the radius of convergence of A by the radius
of convergence of A ◦ F .

Résumé. Soit F une application holomorphe de Cn dans Cn définie dans un
voisinage de 0 et vérifiant F (0) = 0. Si le jacobien de F n’est pas identique-
ment nul au voisinage de 0, P.M. Eakin et G.A. Harris ont établi le résultat
suivant: toute série formelle A telle que A ◦ F est analytique est elle-même
analytique. Si le jacobien de F est identiquement nul, ils montrent que la
conclusion précédente est fausse.

Les auteurs obtiennent des résultats analogues pour les séries formelles à
croissance contrôlée, du type Gevrey par exemple. De plus, les preuves données
ici permettent, dans le cas analytique, un contrôle du rayon de convergence de
A par celui de A ◦ F .

Introduction

We denote by Fn the ring of formal power series in n variables. Let A ∈ Fn; we
write

A =
∑
J∈Nn

aJx
J =

∑
j∈N

∑
J∈Nn;|J|=j

aJx
J =

∑
j∈N

HjA(x),

where | J | denotes the length of the multi-index J ; HjA(x) is the homogeneous
polynomial of degree j in the expansion of A. We shall use the same notation
HjΦ(x) in the power series expansion of a holomorphic function Φ in a neighborhood
of 0.

Let ord(A) = inf(j ∈ N;HjA(x) 6≡ 0) be the vanishing order of A, with the
convention ord(A) = ∞ if A is identically 0. The same notation will also be used
for the vanishing order of a holomorphic function in a neighborhood of 0.

Let F be a holomorphic map from Cn to Cn defined in a ball B(0, r0) of Cn and
such that F (0) = 0. We denote by Φ the Jacobian determinant of F .
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Theorem A [2], [4], [7]. The following properties are equivalent:

ord(Φ) <∞,(A.1)

there exist constants D1 and D2 such that
for any A ∈ Fn, ord(A ◦ F ) ≤ D1ord(A) +D2.

(A.2)

D1 and D2 depend only on F .

Condition (A.1) implies (A.2) is a step in the proof of the Glaeser Theorem on
Composite Functions [4], [7]. We can deduce from it the estimate D1 ≤ 2ord(Φ)−1.
The converse is proved by P. M. Eakin and G. A. Harris in ([2], lemma 4.2, inequality
4.2.2).

We denote by O(n) the ring of convergent power series in n variables.

Theorem B [2]. The following properties are equivalent:

ord(Φ) <∞,(B.1)

for any A ∈ Fn, A ◦ F ∈ O(n) implies A ∈ O(n).(B.2)

As mentioned by P. M. Eakin and G. A. Harris, this result can be seen as a
corollary of a more general result of A. M. Gabrielov [3].

In this work, the authors deal with formal power series whose coefficients satisfy
growth conditions. More precisely, let M = {Mp}p≥0 be a sequence of real strictly
positive numbers satisfying the following properties:

(H1) M0 = 1 and {Mp}p≥0 is logarithmically convex,
(H2) M

1/p
p tends to infinity with p.

Let C be a positive constant and, for any A of F(n), let

‖ A ‖C,M= sup
J∈Nn

| aJ |
CjMj

.

Here j denotes the length of J .
Let d be a strictly positive integer. We denote by M (d) the sequence defined by

M (d)
n = Mdn, for any integer n.

Theorem C. Let F be a holomorphic map from Cn to Cn defined in a neigborhood
of 0 and let Φ be its Jacobian determinant. Let M be a sequence of strictly positive
real numbers satisfying (H1) and (H2). Let C be a strictly positive constant. The
following properties are equivalent:

ord(Φ) <∞,(C.1)

there exist D > 0 and an integer d ≥ 1 such that
for any A ∈ Fn, ‖A‖D,M(d) ≤ D‖A ◦ F‖C,M .(C.2)

The techniques developed here allow us to get precise norm estimates. The
parameter d which occurs in (C.2) is optimal, as shown in Remark 18 (a). Moreover,
we also get the best constants one should expect in (A.2), as shown in Theorem 17.

We can also observe that the assumptions on the sequence M are extremely
weak. If Mp = p!α, α > 0, we get the classical Gevrey growth condition. It can
be verified that the method developed here can be adapted if the sequence Mp is
identically equal to 1. This gives a new proof that (B.1) implies (B.2); as in [8],
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we then get a control of the radius of convergence of A in terms of the radius of
convergence of A ◦ F .

1. Let F be a holomorphic map from Cn to Cn defined in a ball B(0, r0) in Cn
such that F (0) = 0. Let g be a holomorphic function in a neighborhood of 0. For
any multi-index L in Nn of length ` ≥ 1 , we have in a neighborhood of 0

∂`

∂uL
(g ◦ F )(x) =

∑
K∈Nn;1≤|K|≤`

AK,L(x)
∂k

∂zK
(g) ◦ F (x)(1.1)

with AK,L holomorphic functions in B(0, r0).
Of course, this formula remains true if g is a formal power series. Moreover, we

have the following lemma, which can be proved by induction as in [6, proposition
2.5].

Lemma. There exists a constant C1 > 0, depending only on F , such that, for all
multi-indices L,K and S and any x in B(0, r02 ),∣∣∣∣ ∂s∂xS

AK,L(x)
∣∣∣∣ ≤ C`+s+1

1 (` + s− k)!.(1.2)

Here, k, ` and s denote the lengths of K,L and S.

Hence, we deduce immediately that there exists a constant C2 > 0, depending
only on F, such that, for any A ∈ Fn and any C > 0,

‖ A ◦ F ‖C2C,M≤ C2 ‖ A ‖C,M .(1.3)

Our purpose here is to obtain a converse. In fact, we want to discuss the following
question:

If, for some C, ‖ A ◦ F ‖C,M is finite, what can be said of A?

Inequality (1.3) gives an evident answer if F is a biholomorphic map in a neigh-
borhood of 0.

In what follows we assume that the Jacobian determinant Φ of F satisfies

Φ(0) = 0 and ord(Φ) <∞.(1.4)

Write

Φ(x) =
∑
j∈N

∑
J∈Nn;|J|=j

ϕJx
J =

∑
j∈N

HjΦ(x)(1.5)

and µ = ord(Φ); we get then

HjΦ(x) ≡ 0 if j < µ,
HµΦ(x) 6≡ 0.(1.6)

Let

Σ = Φ−1(0).(1.7)

2. Geometrical Lemma. There exists an open subset Ω1 of the unit sphere in
Cn such that :

zeiθ ∈ Ω1, if z belongs to Ω1 and θ to [0, 2π].(2.1)

There exists C3 > 0 such that, for any z of Ω1,
|HµΦ(z)| ≥ C3.

(2.2)
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There exists r1 > 0 such that,
for any z in Ω1 and any ζ in C, | ζ |< r1,

| Φ(ζz) |≥ C3
2 | ζ |µ .

(2.3)

There exists C4 > 0 such that,
for any z in Ω1 and any ζ in C, | ζ |< r1,

C4 | ζ |≤ dist(ζz,Σ) ≤| ζ | .
(2.4)

Proof. This is a simple consequence of the definition of µ and of the holomorphy
of Φ.

This open subset Ω1 will play an important role in the definition of a new family
of norms on Fn (see 7.1).

3. Definitions and Notations. Let Γ1 be the cone defined by

Γ1 = {ζz; z ∈ Ω1, ζ ∈ C, | ζ |< r1}.(3.1)

Clearly, Γ1 ∩ Σ = {0}.
Let x = {x1, · · ·, xn} be a point of B(0, r1)\Σ and g a holomorphic function in

a neighborhood of F (x). We have

∂

∂zp
(g ◦ F )(x) =

n∑
q=1

∂

∂uq
(g) ◦ F (x)

∂

∂zp
(Fq) (x), 1 ≤ p ≤ n.(3.2)

As, by hypothesis, the Jacobian matrix JF of F is invertible at the point x, we get

∂

∂uq
(g) ◦ F (x) =

1
Φ(x)

n∑
p=1

Tp,q(x)
∂

∂zp
(g ◦ F )(x), 1 ≤ q ≤ n.(3.3)

The functions Tp,q, 1 ≤ p ≤ n, 1 ≤ q ≤ n, are holomorphic in the ball B(0, r1).
Let ν be the minimum of vanishing orders of the functions Tp,q. It is the vanishing
order of the matrix of cofactors of JF (x). Then, there exists a constant C5 > 0
such that, for any p, 1 ≤ p ≤ n, any q, 1 ≤ q ≤ n, and any x in B(0, r1),

| Tp,q(x) |≤ C5 | x |ν .(3.4)

It follows from (1.4) that, for any x in B(0, r1), with a suitable constant C6, we
have

| Φ(x) |≤ C6 | x |µ and hence µ ≥ ν.(3.5)

Observe that

µ > ν.(3.6)

Indeed, for any z in Ω1 and any ζ such that | ζ |< r1, we get, from (2.3) and (3.5),
C3
2 | ζ |µ≤| Φ(ζz |≤ C6 | ζ |µ. If µ = ν, it follows that JF−1(ζz) is bounded. Then,

letting ζ tend to 0, we get that JF (0) is invertible. This contradicts (1.4).
Replace g in (3.3) by ∂

∂um
(g), 1 ≤ m ≤ n. We get then an expression of the

derivatives of order 2 of g evaluated at F (x) in terms of the derivatives of order ≤2
of g ◦ F evaluated at x. By iterating the process, we get, for any multi-index L of
Nn of length ` ≥ 1 and any x in B(0, r1)\Σ,

∂`

∂uL
(g) ◦ F (x) =

1
Φ(x)2`−1

∑
K∈Nn;1≤|K|≤`

TK,L(x)
∂k

∂zK
(g ◦ F )(x)(3.7)

with TK,L holomorphic functions in B(0, r1).
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4. Lemma. For any z in Γ1 and any ζ in C, | ζ |≤ r1, the functions TK,L appearing
in (3.7) satisfy the following properties:

TK,L(zζ) = ζk−µ+`(µ+ν−1)
∑∞

j=0 CK,L,j(z)ζj ,
| CK,L,j(z) |≤ r−j1 C`+1

7 (`− k)!.
(4.1)

Proof. Of course, k − µ+ `(µ+ ν − 1) ≥ 0.
We use (2.3) and (3.4) and we apply proposition 2.5 of [6] with ω(t) = tµ−ν+1

and E = Γ1. Hence, there exists (after shrinking r1 and Ω1 if necessary) a constant
C8 ≥ 1 such that, for any z in Ω1 and any ζ, 0 <| ζ |< r1,∣∣∣∣ TK,LΦ2`−1

(ζz)
∣∣∣∣ ≤ C`+1

8 (`− k)! | ζ |k−`(µ−ν+1) .(4.2)

From (4.2) and (3.5), for any z in Ω1 and any ζ, 0 <| ζ |< r1, we have

|TK,L(ζz)| ≤ C`+1
9 (`− k)! | ζ |k−µ+`(µ+ν−1) .(4.3)

with C9 a suitable constant.
Let D(0, r1) denote the disk of center 0 and radius r1. It follows from (4.3) that,

for any given z in Ω1, the function

ζ → TK,L(ζz)
ζk−µ+`(µ+ν−1)

is holomorphic and bounded in D(0, r1)\{0}. It extends to a function holomorphic
in D(0, r1) and bounded by Ck+1

9 (`−k)!. It has a power series expansion in D(0, r1);
this proves (4.1) by using Cauchy inequalities.

5. Lemma.
HjTK,L ≡ 0 if j < k − µ+ `(µ+ ν − 1)

and, for any z in Ω1,

| HjTK,L(z) |≤ C`+1
10 (`− k)!rk−µ+`(µ+ν−1)−j

1 if j ≥ k − µ+ `(µ+ ν − 1)

(5.1)

with C10 a suitable constant.

Proof. This is just an other way of stating lemma 4.

6. Remark. From (3.7) we have, for any x in B(0, r1) and any multi-index L in Nn
of length `,

Φ(x)2`−1 ∂`

∂uL
(g) ◦ F (x) =

∑
K∈Nn;|K|≤`

TK,L(x)
∂k

∂zK
(g ◦ F )(x).(6.1)

This formula still makes sense if we replace g by a formal power series A. We have
the equality (6.2) in the ring Fn:

Φ2`−1 ∂`

∂uL
(A) ◦ F =

∑
K∈Nn;|K|≤`

TK,L
∂k

∂zK
(A ◦ F ).(6.2)

7. Definition. We introduce now a new family of norms on Fn well adapted to
Ω1 and to the estimates obtained in lemma 5. Denote, for any A in Fn,

‖ A ‖C,M,Ω1= sup
j∈N

sup
z∈Ω1

| HjA(x) |

CjMj
.(7.1)
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8. Key Lemma. There exist two strictly positive constants C11 and C12, depend-
ing only on Ω1 such that, for any A in Fn and any C > 0,

‖ A ‖C,M≤‖ A ‖C11C,M,Ω1≤‖ A ‖C12C,M .(8.1)

We have, for any A in Fn, any constant C and any multi-index K of length k,

sup
|x|=1

∣∣∣∣Hj
∂k

∂zK
(A)(x)

∣∣∣∣ ≤ k!(2nC)j+kMj+k ‖ A ‖C,M .(8.2)

Proof. It is known from [1] that there exists a constant C13 > 0 such that, for any
homogeneous polynomial of degree j in the variable x in Cn, we have

Cj13 sup
J∈Nn

| pJ |≤ sup
|x|=1

| Pj(x) |≤ nj sup
J∈Nn

| pJ | .(8.3)

Here we write Pj(x) =
∑

J∈Nn;|J|=j pJx
J .

It is known also from [5] that, if Ω1 is an open subset of the unit sphere in Cn,
there exists a constant C14(Ω1) such that, for any homogeneous polynomial Pj of
degree j, we have

sup
|x|=1

| Pj(x) |≤ (C14(Ω1))j sup
x∈Ω1

| Pj(x) | .(8.4)

From (8.3) and (8.4), we get (8.1).
In order to prove (8.2), we write

∂k

∂zK
(A) =

∑
T≥K

aT
∂k

∂zK
(
xT
)

=
∑
T≥K

aTCT,Kx
T−K

with | CT,K |≤ k!2|T |.
(8.5)

Inequality (8.2) is an immediate consequence of (8.5) and (8.3).

9. Definition. To the sequence M = {Mp}p≥0, we associate the function hM
defined by

hM (r) = inf
p≥0

rpMp, r > 0.(9.1)

From (H2), we claim that hM is a strictly positive increasing function.

10. Lemma. For any A in Fn and any multi-index L in Nn of length `, put

SL =
∑

K∈Nn;|K|≤`
TK,L

∂k

∂zK
(A ◦ F ).(10.1)

Then

HjSL ≡ 0 for j ≤ `(µ+ ν − 1)− µ and

sup
z∈Ω1

| HjSL(z) |

≤ h−1
M (C15C) ‖ A ◦ F ‖C,M `!C`+1

16 (C16C)j+µ−`(µ+ν−1)Mj+µ−`(µ+ν−1)

if j > `(µ+ ν − 1)− µ.

(10.2)

Here, C15 and C16 are suitable strictly positive constants depending only on F.



ON COMPOSITE FORMAL POWER SERIES 1697

Proof. Write, for simplicity,

BK =
∂k

∂zK
(A ◦ F ) =

∑
j

HjBK(x).(10.3)

We get

TK,L
∂k

∂zK
(A ◦ F ) =

∑
m∈N

∑
q+j=m

HqTK,L(x) HjBK(x).(10.4)

Using then (5.1), (7.1) and (8.2), we get

Hm (TK,L BK) ≡ 0, for m < k − µ+ `(µ+ ν − 1)
and, for m ≥ k − µ+ `(µ+ ν − 1) and z in Ω1,

|Hm (TK,L BK)| ≤
∑

q+j=m;q≥k−µ+`(µ+ν−1)

C`+1
10 (`− k)!rk−µ+`(µ+ν−1)−q

1

×(2nC)j+kMj+kk! ‖ A ◦ F ‖C,M
≤ `!C`+1

10 ‖ A ◦ F ‖C,M
∑

q+j=m;q≥k−µ+`(µ+ν−1)

r
k−µ+`(µ+ν−1)−q
1 (2nC)j+kMj+k.

(10.5)

Observe now, from definition (9.1), that, for any s ∈ N, s > 0,

r−s1 ≤ (nC)sMsh
−1
M (r1nC) .(10.6)

We deduce from that, using (H1),∑
q+j=m;q≥k−µ+`(µ+ν−1)

r
−[q−(k−µ+`(µ+ν−1))]
1 (2nC)j+kMj+k

≤
∑

q+j=m;q≥k−µ+`(µ+ν−1)

(nC)q−(k−µ+`(µ+ν−1))Mq−(k−µ+`(µ+ν−1))

× h−1
M (r1nC) (2nC)j+kMj+k

≤ h−1
M (r1nC) (2nC)m+µ−`(µ+ν−1)Mm+µ−`(µ+ν−1)

∞∑
t=0

(
1
2

)t
≤ 2h−1

M (r1nC) (2nC)m+µ−`(µ+ν−1)Mm+µ−`(µ+ν−1).

(10.7)

This gives the anounced result, because the number of terms of the sum
∑
|K|≤` in

(10.1) is bounded by n`.

11. Lemma. Let B belonging to Fn and α an integer, α > 0. Write

ΦαB =
∑
j∈N

Hj(ΦαB)(x)(11.1)

and suppose that there exist β ≥ −1, C17 and C18 such that

Hj(ΦαB) ≡ 0 for j ≤ β ≤ µα and
sup
z∈Ω1

| Hj(ΦαB)(z) |≤ C17C
j−β
18 Mj−β if j > β.(11.2)
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Then, we have

B =
∑
j∈N

HjB(x) with

sup
z∈Ω1

| HjB(z) |≤ 2C17

(
C3

2

)−α
h−1

(
C18r1

2

)
(C18)µα−β+jMµα−β+j .

(11.3)

Proof. For z in Ω1 and ζ in C, | ζ |≤ r1, we can write

Φ(ζz) = ζµΨ(ζ, z).(11.4)

Then, from (2.3), we get

| Ψ(ζ, z) |≥ C3

2
.(11.5)

Let

Ψ−α(ζ, z) =
∞∑
j=0

ψj(α, z)ζj ,

It follows from the Cauchy formulas that

| ψj(α, z) |≤
(
C3

2

)−α
r−j1 .(11.6)

We get then, for z in Ω1,

Φα(ζz)B(ζz) =
∑
j∈N

Hj(ΦαB)(z)ζj = ζµαΨα(ζ, z)
∑
j∈N

HjB(z)ζj(11.7)

and

ζµα
∑
j∈N

HjB(z)ζj =
∞∑
j=0

ψj(α, z)ζj
∑
j≥β

Hj(ΦαB)(z)ζj

=
∑
s∈N

ζs
∑
t+j=s

ψt(α, z)Hj(ΦαB)(z).
(11.8)

We have ∑
t+j=s

ψt(α, z)Hj(ΦαB)(z) ≡ 0 for s ≤ β, and∣∣∣∣∣∣
∑
t+j=s

ψt(α, z)Hj(ΦαB)(z)

∣∣∣∣∣∣ ≤
∑
j+t=s

(
C3

2

)−α
r−t1 C17C

j−β
18 Mj−β .

(11.9)

As in the proof of lemma 10, we remark that

r−t1 ≤
(
C18

2

)t
Mth

−1
M

(
r1C18

2

)
,(11.10)
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and hence we get∣∣∣∣∣∣
∑
t+j=s

ψt(α, z)Hj(ΦαB)(z)

∣∣∣∣∣∣
≤ C17

(
C3

2

)−α
h−1
M

(
r1C18

2

) ∑
j+t=s

2−tCt+j−β18 MtMj−β

≤ 2C17

(
C3

2

)−α
h−1
M

(
r1C18

2

)
Cs−β18 Ms−β .

(11.11)

We have

HiB(z) =
∑

t+j=i+µα

ψt(α, z)Hj(ΦαB)(z),

and hence

| HiB(z) |≤ 2C17

(
C3

2

)−α
h−1
M

(
r1C18

2

)
Ci+µα−β18 Mi+µα−β .

Let d be a strictly positive integer. We denote by M (d) the sequence defined by
M

(d)
n =Mdn for any n.

12. Proposition. We have, for any A in Fn and any multi-index L of length `,

sup
|x|=1

∣∣∣∣Hj
∂`

∂zL
(A) ◦ F (x)

∣∣∣∣ ≤ `!C19(C20C)j+(µ−ν+1)`Mj+(µ−ν+1)` ‖ A ◦ F ‖C,M

(12.1)

and hence

‖ A ‖C21Cµ−ν+1,M(µ−ν+1)≤ C22 ‖ A ◦ F ‖C,M .(12.2)

The constants C20 and C21 depend only on F . The constants C19 and C22 depend
also on C.

Proof. Using (6.2) and the notation (10.1), we have

Φ2`−1 ∂`

∂uL
(A) ◦ F = SL.(12.3)

By (10.2), we have a control of sup
z∈Ω1

| HjSL(z) |. From lemma 11 applied with

α = 2`−1, β = `(µ+ν−1)−µ and B = ∂`

∂uL (A)◦F we get a control of sup
z∈Ω1

| HjB(z) |.

From there, using (8.1), we deduce (12.1).
The inequality (12.2) is a consequence if we consider for any L the constant term

in ∂`

∂uL (A) ◦F . This term is equal to L!aL; we now use the fact that `!
L! is bounded

by n` to conclude.
We show in the next section that the results given here are the best one should

expect. We discuss first the case when condition (1.4) is not satisfied.

13. Lemma [2]. Let F be a holomorphic map from Cn to Cn defined in a ball
B(0, r0) in Cn satisfying F (0) = 0 and whose Jacobian determinant Φ is identically
zero. There exist two holomorphic maps F1 and F2 from Cn to Cn defined in a
neighborhood of 0 satisfying F1(0) = F2(0) = 0, whose Jacobian determinants are
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not identically zero in a neighborhood of 0 such that F1 ◦ F ◦ F2 depends only on
the n− 1 first variables.

Write

G = F1 ◦ F ◦ F2.(13.1)

14. Lemma [2]. For any large enough integer α, there exists a polynomial Pα of
n variables satisfying the following properties:

Pα(z) =
∑

K,k≤α
aK,αz

K ,(14.1)

sup
K,k≤α

|aK,α| = 1,(14.2)

ord(Pα ◦G) ≥ C23α
n/n−1.(14.3)

The constant C23 depends only on G defined in (13.1).

15. Proposition. Let F be a holomorphic map from Cn to Cn defined in a ball
B(0, r0) in Cn satisfying F (0) = 0 and whose Jacobian determinant Φ is identically
zero. Let M be a sequence of strictly positive real numbers satisfying (H1) and (H2).
Let C and D two strictly positive constants and e an integer, e ≥ 1. There exists a
formal power series A which does not satisfy the inequality

‖A‖D,M(e) ≤ D‖A ◦ F‖C,M <∞.

Proof. We use lemmas 13 and 14 and the function G defined in (13.1).
From (14.1) and (14.2), we have

‖Pα‖D,M(e) ≥
1

DαMeα
, for any α large enough.(15.1)

From (1.1), (1.2) and (14.2), we get, for any multi-index L and any α large enough,∣∣∣∣ ∂`∂zL
(Pα ◦G)(0)

∣∣∣∣ ≤ `!C`+1
24 .(15.2)

The constant C24 depends only on G.
Denote by E(α) the integer part of C23α

n/n−1 + 1. From (14.3) and (15.2), we
have, for α large enough,

‖Pα ◦G‖C,M ≤
C
E(α)
25

ME(α)
.(15.3)

The constant C25 depends only on C and G.
We get from (15.1), (15.3), (H2) and the previous definition of E(α) that there

exists α large enough such that

‖Pα‖D,M(e) ≤ D ‖Pα ◦G‖C,M
is not fulfilled.

Since, by construction, the maps F1 and F2 satisfy inequalities (12.2), we get
from there the announced result.
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16. Theorem C. Let F be a holomorphic map from Cn to Cn defined in a neigh-
borhood of 0 with Jacobian determinant Φ.

Let M be a sequence of strictly positive real numbers satisfying (H1) and (H2).
Let C be a strictly positive constant. The two following properties are equivalent:

ord(Φ) <∞,(C.1)

there exist D,D > 0 and d ∈ N, d ≥ 1 such that
for any A ∈ Fn, we have ‖A‖D,M(d) ≤ D‖A ◦ F‖C,M .(C.2)

Proof. This is a consequence of propositions 12 and 15.

We can give now a precise version of “(A.1) implies (A.2)”.

17. Theorem. Let F be a holomorphic map from Cn to Cn defined in a neigbor-
hood of 0 and let Φ be its Jacobian determinant. Let µ denote the vanishing order
of Φ and ν defined as in section 3.

Suppose that

ord(Φ) <∞.(A.1)

Then

for any A ∈ Fn, ord(A ◦ F ) ≤ (µ− ν + 1) ord(A).(A.2)

Proof. Denote by o1 the vanishing order of A ◦ F and by o2 the vanishing order of
A.

From definition (10.1)

SL =
∑

K∈Nn;|K|≤`
TK,L

∂k

∂zK
(A ◦ F ),

and by (4.1) it is clear that

ord(SL) ≥ o1 − µ+ `(µ+ ν − 1).(17.1)

On the other hand, there exists a multi-index P of length p = o2 such that
∂p

∂uP
(A) 6= 0.

By (12.3), we get

ord(SP ) = (2o2 − 1)µ.(17.2)

Using (17.1) with L = P and (17.2), we have

(2o2 − 1)µ ≥ o1 − µ+ o2(µ+ ν − 1).

This gives the result.

18. Remarks. (a) The estimate (12.2) is the best possible, as the following example
shows.

Example. Let σ1, · · ·, σn be the elementary symmetric functions in n variables.
Denote by S the map from Cn to Cn defined by

S(x) = (σ1(x), σ2(x), ..., σn(x)).

It is easily seen that µ = n(n−1)
2 , and ν = (n−1)(n−2)

2 and µ− ν + 1 = n.
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If A =
∑

p apx
p
n is a formal power series depending only on the last variable xn,

we have

‖A‖Cn,M(n) = ‖A ◦ S‖C,M .

Hence, inequality (C.2) is the best one should expect with d = µ− ν + 1 = n.
More generally, let P1, · · ·, Pn be homogeneous polynomials in n variables of

degree respectively d1 ≤ · · · ≤ dn. Denote by P the map from Cn to Cn defined by

P (x) = (P1(x), P2(x), ..., Pn(x)).

If the order of the Jacobian determinant of P is finite, one can easily prove that
inequality (C.2) is optimal with d = dn.

(b) Under the hypothesis ord(Φ) = ∞, a formal power series A can be con-
structed in such a way that, for any constant D and any integer d,

‖A‖D,M(d) =∞ and ‖A ◦ F‖1,M <∞.

(c) With slight modifications we can adapt the proof of proposition 12 when
Mp = 1 for every p. Write M = 1 in that case. We get hence a new proof of

(B.1) implies (B.2).

Moreover, if we assume that C has been chosen such that 2nC ≥ 1
r1

, we have

for any A ∈ Fn, ‖A‖ECµ−ν+1,1 ≤ E‖A ◦ F‖C,1.

This means that if the radius of convergence ρA◦F is small enough, then the radius
of convergence ρA satisfies the following inequality:

(ρA◦F )µ−ν+1 ≤ EρA.

Here, the radius of convergence of a power series A is the largest real number ρ
such that A converges in the polydisk of center 0 and radius ρ.

The example given in (a) shows that the above inequality is the best possible.
On this topic, see also J. C. Tougeron [8].

(d) We have shown that d = µ+ν−1 is optimal for S in (a). Nevertheless, given
a function F, finding the best possible integer d in (C.2) and the best constant D1

in (A.2) would be of interest.
(e) Theorem C can be seen as a version of the Glaeser composite functions

theorem “above a point” for ultradifferentiable classes ([4], [6]).
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